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Abstract
In this paper we will discuss the effect of a having a boundary on the
supersymmetric invariance and gauge invariance of the Bagger-Lambert-
Gustavsson (BLG) Theory. We will show that even though the supersym-
metry and gauge invariance of the original BLG theory is broken due to
the presence of a boundary, it restored by the addition of suitable bound-
ary terms. In fact, to achieve the gauge invariance of this theory, we
will have to introduce new boundary degrees of freedom. The boundary
theory obeyed by these new boundary degrees of freedom will be shown
to be a generalization of the gauged Wess-Zumino-Witten model, with
the generators of the Lie algebra replaced by the generators of the Lie
3-algebra. The gauge and supersymmetry variations of the boundary the-
ory will exactly cancel the boundary terms generated by the gauge and
supersymmetric variations of the bulk theory.
1 Introduction
Bagger-Lambert-Gustavsson (BLG) theory is a superconformal field theory with
N = 8 supersymmetry [1, 2, 3, 4, 5]. This is thought to be the theory that de-
scribes the low energy behavior of would volume of multiple M2-branes. In this
theory fields take value in a Lie 3-algebra rather than a regular Lie algebra. The
BLG theory has been analysed in N = 1 superspace [6, 7], N = 2 superspace
[8, 9], and N = 8 superspace [10, 11]. In this paper we will perform our anal-
ysis in N = 1 superspace. Higgs mechanism for the BLG theory has also been
studied in N = 1 superspace formalism [7]. Thus, higher derivative corrections
to super-Yang-Mills on D2-branes have been analysed in N = 1 superspace.
Just like in string theory, strings can end on D-branes, in M -theory M2-
branes can end on M5-branes. So, the M2-brane can be viewed as string like
soliton of the non-linear world volume equations of motion. In fact, this soliton
is known as the self dual string [12]. In analogy with D1-D3 system this the
ending can also be described as a fuzzy S3 funnel solution of the Basu-Harvey
equation [13, 14, 15]. Thus, by studding M2-branes with boundaries, we can
understand the dynamics ofM5-branes. In fact, the equation of motion of aM5-
1
brane have been derived by demanding the κ-symmetry of the open membrane
action [16, 17].
In addition to this M2-branes ending onM9-branes and gravitational waves
have also been analysed [18]. Boundary effects for the BLG theory with fluxes,
on a manifold with boundaries, have been studied [19, 20]. The fact that the
fields take values in a Lie 3-algebra is crucial in the construction of the the
BLG theory. However, only one example of a Lie 3-algebra is known and it
has been difficult to increase the rank of the gauge group. So, usually another
theory called the ABJM theory is studied as the theory of multiple M2-branes
[21]. This theory has only manifest N = 6 supersymmetry, but it is expected
to be enhanced to full N = 8 supersymmetry [22]. This theory agrees with the
BLG theory for the only example of the Lie 3-algebra known [23]. The super-
symmetric and gauge invariance of the ABJM theory in presence of boundaries
has been already been studied. In fact, a gauge invariant model has been con-
structed by coupling the bosonic ABJM in presence of boundaries to a gauged
Wess-Zumino-Witten model living on the boundary [24]. The supersymmetric
invariance of general field theories in presence of boundaries has been studied in
N = 1 superspace formalism [25]. This formalism has also been used to analyse
the supersymmetry of the gauge part of the ABJM theory [26].
In this paper we will analyse the BLG theory with a boundary in N =
1 superspace formalism. We will observe that like the ABJM theory, both
supersymmetric and gauge invariant is broken due to the presence of a boundary.
However if we suitable coupled the bulk BLG theory to a boundary theory, the
resultant theory can be made both gauge invariant and supersymmetric. We
will find that the theory that is needed to make the bulk BLG theory gauge
invariant is a generalization of the gauged Wess-Zumino-Witten model, with
the gauge symmetries generated by the Lie 3-algebra.
2 Super-Covariant Derivatives
Three dimensional non-abelian supergauge theory in N = 1 superspace formal-
ism has been throughly analysed [28] and boundary effects in abelian supergauge
theory have also been studied [25]. In this section we will analyse the boundary
effects in supergauge theory, with the gauge symmetry generated by generators
of the Lie 3-algebra. To do so we first review some properties of a Lie 3-algebra
[27]. A Lie 3-algebra A is defined by
[TA, TB, TC] = fABCD T
D. (1)
where TA are the generators of this Lie 3-algebra and fABCD are the structure
constants. These structure constants are totally antisymmetric in A,B,C and
are subject to the fundamental identity resembling the Jacobi identity for Lie
algebras,
f
[ABC
G f
D]EG
H = 0. (2)
It is useful to define another constant constructed from these structure constant
as
C
AB,CD
EF = 2f
AB[C
[E δ
D]
F ] . (3)
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These constants are anti-symmetric in the pair of indices AB and CD and also
satisfy a kind of Jacobi identity [27],
C
AB,CD
EF C
GH,EF
KL + C
GH,AB
EF C
CD,EF
KL + C
CD,GH
EF C
AB,GH
KL = 0. (4)
This Lie 3-algebra is also accompanied by a metric hAB = Tr(TATB) which is
used to raise and lower the indices.
Now the scalar superfields XI and X† are suitably contracted with the gen-
erators of this Lie 3-algebra, XI = XAITA, and X
I† = XIA†TA, and transform
under infinitesimal gauge transformations as
δXIA = iΛABXIB,
δXIA† = −iXI†B Λ
AB. (5)
It is convenient to define Λ = ΛABTATB and the following super-covariant
derivatives of these superfields
∇aX
I
A = DaXA − if
BCD
A ΓaBCX
I
D,
∇aX
I†
A = DaX
I†
A + if
BCD
A X
I†
D Γ
aBC , (6)
where
Da = ∂a + (γ
µ∂µ)
b
aθb. (7)
It is also convenient to define Γa as a matrix valued spinor superfield suitable
contracted with generators of a Lie 3-algebra, Γa = Γ
AB
a TATB. This matrix
valued spinor superfield transforms under gauge transformations as
δΓa = ∇aΛ, (8)
where
∇aΛ = [DaΛAB + C
CD,EF
AB ΓCDaΛEF ]T
ATB. (9)
In fact, we will define the covariant derivative on ΓABa as follows
(∇aΓb)AB = DaΓbAB + C
CD,EF
AB ΓCDaΓbEF . (10)
It is useful to define ordinary gauge covariant derivatives for component of
matter and gauge superfields. Thus, if aAi and a
A
i are components of the matter
fields then the ordinary gauge covariant derivatives for them are given by
Dµa
A
i = ∂µa
A
i − if
ABC
D AµBCa
D
i ,
Dµa
A
i = ∂µa
A
i + if
ABC
D a
D
i AµBC . (11)
Similarly, the ordinary gauge covariant derivative for the component fields eABi
of the gauge superfield is given by
DµeiAB = ∂µeiAB + C
CD,EF
AB AµCDeiEF . (12)
Here AABµ is the ordinary gauge connection which is given by
AµAB = −
1
2
[(∇a(γµ)baΓb)
AB ]|, (13)
where ′|′ means that the quantity is evaluated at θa = 0.
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Now we can calculate the following
({∇a,∇b}X
I)A = (∇a∇bX
I)A + (∇b∇aX
I)A
= (Daδ
D
A − if
BCD
A ΓaCD)
×(Dbδ
G
D − if
EFG
D ΓbEF )X
I
G
−(Dbδ
D
A − if
BCD
A ΓbCD)
×(Daδ
G
D − if
EFG
D ΓaEF )X
I
G
= 2(γµabDµX
I)A, (14)
and
({∇a,∇b}X
I†)A = (∇a∇bX
I)A + (∇b∇aX
I†)A
= (Daδ
D
A + if
BCD
A ΓaCD)
×(Dbδ
G
D + if
EFG
D ΓbEF )X
I†
G
−(Dbδ
D
A + if
BCD
A ΓbCD)
×(Daδ
G
D + if
EFG
D ΓaEF )X
I†
G
= 2(γµabDµX
I†)A. (15)
We also have
({∇a,∇b}Γc)AB = (∇a∇bΓc)AB + (∇b∇aΓc)AB
= (Daδ
A
Eδ
E
F + C
CD,EF
AB ΓaCD)
×(Dbδ
L
Eδ
M
F + C
GH,LM
EF ΓbGH)ΓcLM
−(Dbδ
A
Eδ
E
F + C
CD,EF
AB ΓbCD)
×(Daδ
L
Eδ
M
F + C
GH,LM
EF ΓaGH)ΓcLM
= 2(γµabDµΓc)AB. (16)
Using XIAT
A = XI , XI†A T
A = XI† and ΓcABT
ATB = Γc, we have
{∇a,∇b}X
I = 2γµabDµX
I ,
{∇a,∇b}X
I† = 2γµabDµX
I†,
{∇a,∇b}Γc = 2γ
µ
abDµΓc. (17)
Now we can write (∇a∇bXI)A, (∇a∇bXI†)A and (∇a∇bΓc)AB as a half of the
sum of there commutator with its anticommutator,
(∇a∇bX
I)A =
1
2
({∇a,∇b}X
I)A +
1
2
([∇a,∇b]X
I)A,
(∇a∇bX
I†)A =
1
2
({∇a,∇b}X
I†)A +
1
2
([∇a,∇b]X
I†)A,
(∇a∇bΓc)AB =
1
2
({∇a,∇b}Γc)AB +
1
2
([∇a,∇b]Γc)AB. (18)
However, for N = 1 superfields in three dimensions the indices ′a′ are two-
dimensional. Thus, the anticommutator ([∇a,∇b]XI)A, ([∇a,∇b]XI†)A, and
([∇a,∇b]Γc)AB must be proportional to anti-symmetric tensors some (CabXI)A,
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(CabX
I†)A, and (CabΓc)AB, respectively. So, we find
(∇a∇bX
I)A = ((γ
µ
abDµ − Cab∇
2)XI)A,
(∇a∇bX
I†)A = ((γ
µ
abDµ − Cab∇
2)XI†)A,
(∇a∇bΓc)AB = ((γ
µ
abDµ − Cab∇
2)Γc)AB. (19)
Now using [25]
DaDbDc =
1
2
Da{Db, Dc} −
1
2
Db{Da, Dc}+
1
2
Dc{Da, Db}, (20)
along with Eqs. (2) and (4), we get,
(∇a∇b∇cX
I)A =
1
2
(∇a{∇b,∇c}X
I)A −
1
2
(∇b{∇a,∇c}X
I)A
+
1
2
(∇c{∇a,∇b}X
I)A,
(∇a∇b∇cX
I†)A =
1
2
(∇a{∇b,∇c}X
I†)A −
1
2
(∇b{∇a,∇c}X
I†)A
+
1
2
(∇c{∇a,∇b}X
I†)A,
(∇a∇b∇cΓd)AB =
1
2
(∇a{∇b,∇c}Γd)AB −
1
2
(∇b{∇a,∇c}Γd)AB
+
1
2
(∇c{∇a,∇b}Γd)AB . (21)
Thus, we get
(∇a∇b∇aX
I)A = (∇
a∇b∇aX
I†)A = ((∇
a∇b∇aΓc)AB = 0, (22)
and
(∇2∇aX
I)A = ((γ
µ∇)aDµX
I)A,
(∇2∇aX
I†)A = ((γ
µ∇)aDµX
I†)A,
(∇2∇aΓc)AB = ((γ
µ∇)aDµΓc)AB . (23)
3 Boundary Super-Covariant Derivatives
In the previous section we analysed some properties of super-covariant deriva-
tives for a gauge theory where the gauge symmetry is generated by a Lie 3-
algebra. In this section we will analyse the effect of having a boundary on these
super-covariant derivatives. We start by having a boundary at fixed x3. Thus
our indices for the coordinates will splits as µ = (m, 3). We will denoted the
induced value of the fields X,X†,Γa,Λ on the boundary by X
′, X†
′
,Γ′a,Λ
′ and
the induced value of the super-derivative Da and the super-covariant derivative
∇a on the boundary will be denoted by D
′
a and ∇
′
a, respectively. This boundary
super-derivative D′a is obtained by neglecting γ
3∂3 contributions in Da,
D′a = ∂a + (γ
m∂m)
b
aθb. (24)
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The boundary super-covariant derivative ∇′a can thus be written as
(∇′aX
I ′)A = D
′
aX
I ′
A − if
BCD
A Γ
′
BCaX
I ′
D,
(∇′aX
I†′)A = D
′
aX
I†′
A + if
BCD
A X
†′
DΓ
′
BCa,
(∇′aΓ
′
b)AB = D
′
aΓ
′
bAB + C
CD,EF
AB Γ
′
CDaΓ
′
bEF ,
(∇′aΛ
′)AB = D
′
aΛ
′
AB + C
CD,EF
AB Γ
′
CDaΛ
′
EF . (25)
In fact, this notation will be used to denote all boundary quantities along with
the induced value of any bulk quantity on the boundary. Thus, this conven-
tion will be followed even for component fields of superfields. Now we define
projection operators P± as
(P±)ab =
1
2
(Cab ± (γ
3)ab). (26)
These projection operators can be used to project the super-covariant derivative
∇a as, ∇±b = (P±)
a
b∇a, and∇
′
±b as, ∇
′
±b = (P±)
a
b∇
′
a, where∇
′
±a is the induced
value of ∇±a on the boundary. Similarly, for the ordinary gauge covariant
derivatives we have (P±γ
m)abDm = (γ±)abD±, where γ± = γ0 ± γ1 and D± =
1
2 (D0 ± D1). Now we can calculate the projected values of the super-covariant
derivative acting on XIA
(∇+a∇+bX
I)A = ((P+)
c
a(P+)
d
b (∇c∇dX
I)A
= −((γ+)abD+X
I)A, (27)
(∇−a∇−bX
I)A = ((P−)
c
a(P−)
d
b (∇c∇dX
I)A
= −((γ−)abD−X
I)A, (28)
(∇−a∇+bX
I)A = ((P−)
c
a(P+)
d
b (∇c∇dX
I)A
= −((P−)ab(D3 +∇
2)XI)A, (29)
(∇+a∇−bX
I)A = ((P+)
c
a(P−)
d
b (∇c∇dX
I)A
= −((P+)ab(−D3 +∇
2)XI)A. (30)
Similarly, we can calculate the projected values of the super-covariant derivative
acting on XI†A
(∇+a∇+bX
I†)A = ((P+)
c
a(P+)
d
b (∇c∇dX
I†)A
= −((γ+)abD+X
I†)A, (31)
(∇−a∇−bX
I†)A = ((P−)
c
a(P−)
d
b (∇c∇dX
I†)A
= −((γ−)abD−X
I†)A, (32)
(∇−a∇+bX
I†)A = ((P−)
c
a(P+)
d
b (∇c∇dX
I†)A
= −((P−)ab(D3 +∇
2)XI†)A, (33)
(∇+a∇−bX
I†)A = ((P+)
c
a(P−)
d
b (∇c∇dX
I†)A
= −((P+)ab(−D3 +∇
2)XI†)A. (34)
Finally we can calculate the projected value of the super-covariant derivative
acting on ΓABc
(∇+a∇+bΓc)AB = ((P+)
c
a(P+)
d
b (∇c∇dΓc)A
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= −((γ+)abD+X
I)AB , (35)
(∇−a∇−bΓc)AB = ((P−)
c
a(P−)
d
b (∇c∇dΓc)A
= −((γ−)abD−X
I)AB , (36)
(∇−a∇+bΓc)AB = ((P−)
c
a(P+)
d
b (∇c∇dΓc)A
= −((P−)ab(D3 +∇
2)XI)AB, (37)
(∇+a∇−bΓc)AB = ((P+)
c
a(P−)
d
b (∇c∇dΓc)A
= −((P+)ab(−D3 +∇
2)XI)AB . (38)
Suitably contracting the fields with generators of the Lie 3 algebra as XIAT
A =
XI , XI†A T
A = XI† and ΓcABT
ATB = Γc, we get the following algebra
{∇+a,∇+b}X
I = −2(γ+)abD+X
I , {∇−a,∇−b}XI = −2(γ−)abD−XI ,
{∇−a,∇+b}X
I = −2(P−)abD3X
I , {∇+a,∇+b}XI† = −2(γ+)abD+XI†,
{∇−a,∇−b}X
I† = −2(γ−)abD−X
I†, {∇−a,∇+b}XI† = −2(P−)abD3XI†,
{∇+a,∇+b}Γc = −2(γ
+)abD+Γc, {∇−a,∇−b}Γc = −2(γ−)abD−Γc,
{∇−a,∇+b}Γc = −2(P−)abD3Γc. (39)
Now we have effectively decomposed N = 1 superfields in three dimensions into
N = (1, 0) in two dimensions. The generators of the N = 1 supersymmetry in
three dimensions is
Qa = ∂a − (γ
µ∂µ)
b
aθb. (40)
This generator of N = 1 supersymmetry in three dimensions splits into Q±a =
P b±aQb in two dimensions,
ǫaQa = ǫ
a−Q−a + ǫ
a+Q+a, (41)
where ǫa± = P
b
±aǫb. It can be shown that these generators of the supersymmetry
in presence of a boundary satisfy
{Q+a, Q+b} = 2(γ
+)ab∂+, {Q−a, Q−b} = 2(γ
−)ab∂−,
{Q−a, Q+b} = 2(P−)ab∂3, (42)
where ∂± =
1
2 (∂0 ± ∂1). It may be noted in absence of a boundary term this
algebra is actually the algebra of two copies of N = 1 supersymmetric theories
in two dimensions.
4 Supersymmetry in Presence of a Boundary
To analyse the boundary effects in the BLG theory we first construct the BLG
theory on manifolds without boundaries. The Lagrangian for the BLG theory
in N = 1 superspace formalism is given by
LBLG = LCS + LKE + LV , (43)
where LCS is the Chern-Simon term, LKE is the the kinetic energy term and
LV is the potential energy part term of the BLG theory. In our notations a trace
7
over the Lie 3-algebra will be assumed in the Lagrangian of the BLG theory.
Now the Chern-Simon term is given by
LCS = −
k
4π
∇2[fABCDΓaABΩaCD]|. (44)
where
ΩaAB = ωaAB −
1
3
C
CD,EF
AB [Γ
bCD,ΓabEF ] (45)
ωaAB =
1
2
DbDaΓbAB − iC
CD,EF
AB [Γ
b
CD, DbΓaEF ]
−
1
3
C
CD,EF
AB C
GH,IJ
EF [Γ
b
CD, {ΓbGH ,ΓaIJ}], (46)
ΓabAB = −
i
2
[
D(aΓb)AB − 2iC
CD,EF
AB {ΓaCD,ΓbEF }
]
. (47)
The covariant divergence of ωaAB vanishes
(∇aωa)AB = [D
aδEAδ
F
B + C
CD,EF
AB Γ
a
CD]ωaEF
=
1
2
δEAδ
F
BD
aDbDaΓbEF − iC
CD,LM
EF δ
E
Aδ
F
BD
a[ΓbCD, DbΓaLM ]
−
1
3
C
CD,LM
EF C
GH,IJ
LM δ
E
Aδ
F
BD
a[ΓbCD, {ΓbGH ,ΓaIJ}]
−iCCD,EFAB C
IJ,LM
EF Γ
a
CD[Γ
b
IJ , DbΓaLM ]
−
1
3
C
CD,LM
EF C
GH,IJ
LM C
ST,EF
AB Γ
a
CD[Γ
b
ST , {ΓbGH ,ΓaIJ}]
+
1
2
C
CD,EF
AB Γ
a
CDD
bDaΓbEF
= 0, (48)
here we have used DaDbDa = 0, [25]. Now the components of Γ
AB
a are given
by
χABa = [Γ
AB
a ]|, A
AB = −
1
2
[(∇aΓa)
AB]|,
AµAB = −
1
2
[(∇a(γµ)baΓb)
AB]|, E
AB
a = −[(∇
b∇aΓb)
AB ]|, (49)
and so the components of the ωABa can now be written as
[(∇a(γµ)baωb)
AB ]| = ǫ
µνρFABνρ , [(∇
aωa)
AB]| = 0,
−[(∇b∇aωb)
AB]| = 2((γ
µDµ)
b
aEb)
AB, [ωABa ]| = E
AB
a , (50)
where ǫµνρ is an anti-symmetric tensor. Thus, the component form for Chern-
Simons term can be written as
LCS =
k
4π
[
ǫµνρ
(
fABCDAµAB∂νA
ρCD +
i
3
C
CD,EF
AB A
AB
µ AνCDAρEF
)
+fABCD(EaABEaCD + (Dµχ
a(γµ)ba)ABEbCD
+(χa(γµ)ba)AB(DµEb)CD)
]
. (51)
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The Kinetic energy term for the BLG theory can be written as
LKE = −
1
4
∇2[(∇aXI)A(∇aX
†
I )A]|, (52)
and the potential term for the BLG theory can be written as
LV = −
2π
k
∇2[ǫIJKLf
ABCDXIAX
K†
B X
J
CX
L†
D ]|. (53)
This theory is manifestly invariant under N = 1 superspace transformations,
even thought in reality it has N = 8 supersymmetry. Thus, we have
δSLBLG = ǫ
aQaLBLG
= Dµ[Φ(γ
µ,Γ, XI , XI†)]|. (54)
Now in absence of a boundary, we have
δSLBLG = 0. (55)
In fact, the supersymmetric variation of any superfield theory written in the
N = 1 superspace formalism gives rise to a total derivative term [25]. Thus, in
absence of a boundary this term vanishes and the theory has manifest N = 1
supersymmetry.
Now if the full finite gauge transformation of the superfield Γa = Γ
AB
a TATB
is given by
Γa → iu∇au
−1, (56)
where
u = exp(iΛABTATB), (57)
then the gauge transformation of the superfield ωa = ω
AB
a TATB will be given
by
ωa → uωau
−1. (58)
Similarly, the finite gauge transformations of XI and X†I will be given by
XIA → uXI ,
XIA† → XI†B u
−1. (59)
Thus, under infinitesimal gauge transformations the Lagrangian for the N = 1
non-Abelian Chern-Simons theory will transforms as
δLCS = −
k
4π
∇2[fABCDDaΛABωaCD + C
CD,EF
AB Γ
a
CDΛEFω
AB
a ]|
= −
k
4π
∇2[fABCD(∇aΛ)ABωaCD]|. (60)
As the covariant derivative of ωaAB vanishes, Eq. (48), we get
δLCS = −
k
4π
∇2∇a[fABCDΛABωaCD]|, (61)
Now using Eq. 23, we get
δLCS = −
k
4π
(γµDµ∇)
a[fABCDΛABωaCD]|. (62)
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This is a total derivative, so on a manifold without a boundary, we have
δLCS = 0. (63)
Thus, the N = 1 non-Abelian Chern-Simons theory is invariant under these
gauge transformations on a manifold without a boundary.
Now after analysing the BLG theory on manifolds without boundaries, we
will analyse the effect of the boundary on the manifest N = 1 supersymmetric
of the theory. As the supersymmetric variation of the BLG theory gives rise to
a total derivative term, we have
δSLBLG = ǫ
aQaLBLG
= Dµ[Φ(γ
µ,Γ, XI , XI†)]|
∼ D3[Φ(γ
3,Γ, XI , XI†)]|. (64)
where ∼ indicates that we have neglected the total derivative contribution along
directions other than x3, as they will not contribute. So, in presence of a
boundary, this supersymmetric variation of the BLG theory will gives rise to a
boundary term,
δSLBLG = [Φ
′(γ3,Γ′, XI
′
, XI†
′
)]|. (65)
Thus, the manifest N = 1 supersymmetry will be broken in presence of a
boundary.
The supersymmetry of the theory can be restored by adding a boundary term
whose supersymmetric variation exactly cancels the supersymmetric variation
of the original theory. This has already been done for Abelian Chern-Simons
theories [25, 26]. These results can be generalised to the present case. The term
that needs to be added to the original BLG theory can be written as
Lb,BLG = Lb,CS + Lb,KE + Lb,V , (66)
where Lb,CS is the boundary term corresponding to the Chern-Simon term,
Lb,KE is the boundary term corresponding to the kinetic energy term and Lb,V
is the boundary term corresponding to the potential energy part term. Now
Lb,CS is given by
Lb,CS =
k
4π
D3[f
ABCDΓaABΩaCD]|, (67)
Lb,KE is given by
Lb,KE =
1
4
D3[(∇
aXI)A(∇aX
†
I )A]|, (68)
and Lb,V is given by
Lb,V =
2π
k
D3[ǫIJKLf
ABCDXIAX
K†
B X
J
CX
L†
D ]|. (69)
The resultant theory is given by the sum of these boundary terms with the BLG
theory,
Ls,BLG = LBLG + Lb,BLG
=
k
4π
(−∇2 +D3)
[
k
4π
(fABCDΓaABΩaCD + (
1
4
∇aXI)AB(∇aX
†
I )AB
+
2π
k
ǫIJKLf
ABCDXIAX
K†
B X
J
CX
L†
D
]
|
. (70)
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It may be noted that only half of the supersymmetry of the original theory
is preserved on the boundary. In this paper we will keep the supersymmetry
generated by to Q− and break the supersymmetry corresponding to Q+ on the
boundary,
δ−S Ls,BLG = ǫ
a−Q−aLs,BLG
= ǫa−Q−aLBLG + ǫ
a−Q−aLb,BLG
= [Φ′−(γ
3,Γ′, XI
′
, XI†
′
)]| − [Φ
′
−(γ
3,Γ′, XI
′
, XI†
′
)]|
= 0. (71)
Thus, the supersymmetric variation of this boundary term exactly cancels the
supersymmetric variation of the bulk Lagrangian, so the sum of the bulk La-
grangian and this boundary term preserves half of the supersymmetry of the
original theory. It was possible to preserve the supersymmetry corresponding
to Q+ in presence of the boundary if the supersymmetry corresponding to Q−
was broken. Thus, we are able to preserve either N = (1, 0) supersymmetry or
N = (0, 1) supersymmetry on the boundary, both not both of them.
5 Gauge Invariance in Presence of a Boundary
In the previous section we have seen that the original BLG theory is not super-
symmetric in presence of a boundary. We have also modified the original BLG
theory by adding a boundary term such that the resultant theory preserved
half of the supersymmetry even in presence of the boundary. In this section
we will first observe that the boundary theory is not gauge invariant. We will
then modify this theory, by adding new boundary degrees of freedom, to make
it gauge invariant even in presence of a boundary.
To analyse the boundary effects on the gauge invariance of the BLG theory,
we first observe that the matter part of the BLG theory is gauge invariant even
in presence of a boundary,
δLs,KE + δLs,V = (δLKE + δLb,KE) + (δLV + δLb,V )
= 0. (72)
However, the Chern-Simons part of the BLG theory is not gauge invariant in
presence of a boundary term. This is because the infinitesimal gauge transfor-
mation of the Chern-Simons term is given by
δLs,CS = δLCS + δLb,CS
=
k
4π
(D3 −∇
2)[fABCD(DaΛABω
AB
a + C
CD,EF
AB Γ
a
CDΛEF )ωaCD]|
= −
k
4π
∇2[fABCD(∇aΛ)ABωaCD]|. (73)
Now this can be written as
δLs,CS =
k
4π
(D3∇
a − (γµDµ∇)
a)[fABCDΛABωaCD]|. (74)
As there is a boundary in the x3 direction, we get
δLs,CS =
k
4π
(D3∇
a − (γµDµ∇)
a)[fABCDΛABωaCD]|
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∼
k
4π
(D3∇
a − (γ3D3∇)
a)[fABCDΛABωaCD]|, (75)
where ∼ indicates that we have neglected the total derivative contribution along
directions other than x3, as they will not contribute. Thus, the gauge transfor-
mation of this Chern-Sioms term will be,
δLs,S =
k
4π
(δab − (γ
3)ab )∇
′b[fABCDΛ′ABω
′
aCD]|
=
k
2π
(P−∇
′)a[fABCDΛ′ABω
′
aCD]|. (76)
So, the Chern-Simons part generates a boundary term in presence of a boundary
and the BLG theory is not gauge invariant in presence of a boundary.
It can however be made gauge invariant by adding new degrees of freedom
on the boundary. Thus, we define a new boundary field v′AB and let vAB its
extension into the bulk. We also let v = vABT
ATB. We define generate a gauge
transformations for v as,
v → vu−1. (77)
We also define Γv as the gauge transformation of Γ generated by v
Γva = iv∇av
−1. (78)
The potential term for the boundary field theory can now be written as
Lp = Lsv,CS − Ls,CS . (79)
Here Lsv,CS is the Lagrangian obtained by replacing Γa by Γva. For v close
to the identity, this is a actual boundary term. However, ever for large gauge
transformations this can be considered as a boundary term in the sense that
in the absence of a boundary, this term will have no measurable effects. The
Lagrangian given by the sum of this term with the ordinal supersymmetric
Chern-Simons term Ls,CS +Lp will now be gauge invariant even in presence of
a boundary,
δLs,CS + δLp = 0. (80)
In fact, this potential term reduces to a generalization of the N = (1, 0) Wess-
Zumino-Witten model [29, 30], if there is no coupling of the boundary theory
to the bulk fields. Thus, this theory will be given by
Lp = −
k
2π
(P−∇
′)aCCD,EFAB
[
[(v−1D+v)
AB , (v−1D3v)CD]
×(v−1∇−av)EF
]
|
. (81)
We can now add the following supersymmetric gauge invariant kinetic term,
Lk = −
k
2π
(P−∇
′)a[fABCD(v
′−1∇′−av
′)AB(v′
−1
D+v
′)CD]|. (82)
This term is gauge invariant by itself, δLk = 0. This is a generalization of
the kinetic term for the N = (1, 0) Wess-Zumino-Witten model [29, 30]. The
Lagrangian for the boundary theory will be a generalization of the N = (1, 0)
Wess-Zumino-Witten model
Lbt = Lk + Lp. (83)
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Thus, this Lagrangian also preserves the supersymmetry corresponding to Q−,
δ−S Lbt = 0. The Lagrangian for the final gauge and supersymmetric invariant
BLG theory is
Lsg,BLG = Ls,BLG + Lbt. (84)
This Lagrangian is invariant under gauge transformations,
δLsg,BLG = 0. (85)
and preserves half of the total supersymmetry,
δ−S Lsg,BLG = ǫ
a−Q−aLsg,BLG
= 0. (86)
Thus, the BLG theory is made both gauge and supersymmetric invariant
in presence of a boundary by suitable coupling it to a boundary theory. In
doing so we also obtained a generalization of the gauged Wess-Zumino-Witten
model, where the gauge symmetry is generated by a Lie 3-algebra rather than
an ordinary Lie algebra.
6 Conclusion
In this paper we analysed the BLG theory in presence of boundaries in N = 1
superspace formalism. It was found that this theory is neither invariant under
the supersymmetric transformations nor invariant under the gauge transforma-
tions. However by coupling this theory to a boundary theory it was made both
gauge and supersymmetric invariant. The supersymmetric and gauge variations
of this boundary theory exactly canceled the boundary term generated by the
supersymmetric and gauge variations of this bulk theory.
In analysing this model we developed a generalization of the gauged Wess-
Zumino-Witten model, where the gauge symmetries are generated by the Lie
3-algebra rather than an ordinary Lie algebra. It will be interesting to analyse
certain features of this generalized gauged Wess-Zumino-Witten model in more
detail. It is possible that this model also obeys a Kac-Moody current algebra. It
will be interesting to analyse this algebra and study its properties. Furthermore,
this work can be generalise to superspaces with higher amount of supersymmetry
and then applied to the study of M2-branes with boundaries. As the BLG
theory has also been analysed in N = 2 superspace [8, 9], and N = 8 superspace
[10, 11]; it would be interesting to also analyse the the boundary BLG theory
in these superspaces.
It may be remarked that before we quantise any gauge theory we have to
fix a gauge. This is done at quantum level by adding a gauge fixing term
and a ghost term to the original classical action. This new action is invariant
under a symmetry called the BRST symmetry. This invariance of the theory
under BRST symmetry is crucial to show its unitarity. The BRST symmetry of
Chern-Simons theory has been thoroughly investigated [31, 32] and the BRST
symmetry of N = 1 super-Chern-Simons theory has also been studied in the
superspace formalism [33, 34]. The BRST invariance of ABJM theory has also
been studied [35]. It will be interesting to analyse the BRST symmetry for the
BLG theory in presence of a boundaries in N = 1 superspace formalism. It is
13
expected that the original BLG theory will not be invariant under the BRST
transformations. However, a sum of the original BLG theory with the suitable
boundary theory can be made BRST invariant.
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